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Under which conditions any solution u : Rt x R? — R to
Oru + divyf(u) = D2 - A(u) ,

admits the strong trace at ¢ = 0, i.e. does there exist ug € L°°(R?) such that

esslim;_,o+ u(t,") =up in L. (RY).

divyf(u) ... convective term
D2 . A(u) ... diffusive term
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Under which conditions any solution u : R* x R? — R to
Opu + divyf(u) = D2 - A(u) ,
admits the strong trace at t = 0, i.e. does there exist ug € L>°(R?) such that

esslim,_,o+ u(t,") =up in LL_(RY).

Motivation for the equation: flow in porous media (CO- sequestration)

@ heterogeneous layers — discontinuous flux and a lack of diffusion in some
directions

Motivation for studying strong traces:

@ Formulation, well-posedness, optimal control, etc., for initial-boundary
problems.

@ Characterising the limit of hyperbolic relaxation towards a scalar conservation
law.
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Under which conditions any solution u : R* x R? — R to
Oru + divyf(u) = D2 - A(u) ,

admits the strong trace at ¢ = 0, i.e. does there exist ug € L>°(R?) such that

esslim;_,o+ u(t,") =up in L. (RY).

Let us first consider the case: A = 0.
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First order quasilinear equations

Opu + divf(u) =0 in R‘frl =Rt x R?,
'U'It:O =1Up € LOO(Rd) s
where f : R — R? (homogeneous) flux, u : R4*" — R unknown.

Classical solutions are too strong (we want allow discontinuities in x)

Weak solutions: u € LL (R1T!) s.t. f(u) € L (RTT;RY) and Vp € C2(R+)

loc loc

/d upy + f(u) - Vi dxdt + / uop(0,-)dx =0.
R R
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First order quasilinear equations

Opu+divkf(u) =0 in RI:=RT xRY,
u|t:0 = Ug € Loo(Rd) R
where f : R — R? (homogeneous) flux, u : RE™ — R unknown.

Classical solutions are too strong (we want allow discontinuities in x)

Weak solutions: u € L (]Ri“) s.t. f(u) € LL (RE RY) and Vg € C°(RIF)

loc loc
/d upy + f(u) - Vi dxdt + / uop(0,)dx =0.
R++1 R4

Even for smooth f's non-uniqueness:

d=1, f(\) = % (Burgers equation), ug(z) = {

Both functions are a weak solution:

0, <0
1, x>0

0, xz <0

0, z<t/2 .

ui(t,x) = / ) ug(z) =< x/t, 0<az<t (rarefraction wave)
1, z>t/2 ) -,

) T =
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First order quasilinear equations

Opu + divf(u) =0 in R‘frl =Rt x R?,
'U'It:O =1Up € LOO(Rd) s
where f : R — R? (homogeneous) flux, u : R4*" — R unknown.

Classical solutions are too strong (we want allow discontinuities in x)

Weak solutions: u € LL (R1T!) s.t. f(u) € L (RTT;RY) and Vp € C2(R+)

loc loc

/d upy + f(u) - Vi dxdt + / uop(0,-)dx =0.
R++1 Rd

For the uniqueness we need to impose some conditions on discontinuities.
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Vanishing Viscosity 1/2

Consider only those weak solutions that can be reached as a limit ¢ — 07 of the
sequence of solutions (u®):

Opu® + divyef(u®) = eAu®  in R‘frl =Rt x R?,
Us|t:0 =Uug € LOO(]Rd) .

For n € C?(R) convex (i.e. n”” > 0) and ¢ € C2(R'*9), ¢ > 0, we multiply the
equation by —n’(u®)p and integrate over led:

—/ Oun' (u¥) e + ' (u®) - Vu'n' (u®)p dxdt = —e/ Autn' (u®)p dxdt
Ri+1 Ri+1
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Vanishing Viscosity 2/2

Using
o' (u) = 9 (n(u”)) and f(u%) - Vuny' (u°) = div(f(u)),
where f7(\) = fo/\ f'(s)n’(s) ds, for the left hand side we have
[ Bt e+ ) Ve g
RLT
= [ )0+ () Vot + [ n(uo)e(0. ) dx.
Rijd Rd

The right hand side satisfies

—€ Autn' (u®)p dxdt = E/ S Vo + [Vue|?n” (uf)y dxdt
RIH RYF —_—
>0

> —E/ n(u®)Ap dxdt
R
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Vanishing Viscosity 2/2

Using
o' (u) = 9 (n(u”)) and f(u%) - Vuny' (u°) = div(f(u)),
where f7(\) = fo/\ f'(s)n’(s) ds, for the left hand side we have
[ Bt e+ ) Ve g
RLT
= [ )0+ () Vot + [ n(uo)e(0. ) dx.
Rijd Rd

The right hand side satisfies

—€ Autn' (u®)p dxdt = E/ S Vo + [Vue|?n” (uf)y dxdt
RIH RYF —_—
>0

> e/ (u® AgpdxdtsigO
R1+d
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Entropy solutions

{atu + divkf(u)

U|t:0

0 in RIM:=RT xR?,
uy € L®(RY).

Entropy solutions: u a weak solution and s.t. ¥ € C(R) convex and
Y € C(RM4), » >0,

[ e+ 100) - Fapdxdt + [ nu)e0,)dx 20,
R Rd

here f7(\) = fo/\ '’ ds is an entropy-flux.
e 7 is called (mathematical) entropy (—n corresponds to physical entropy)
@ The above inequality is due to the fact that the physical entropy has a
tendency to increase in time, i.e. the mathematical entropy decreases in time
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Entropy solutions

Opu+divkf(u) =0 in RI:=RT xRY,
u|t:0 =ug € Loo(Rd) .

Entropy solutions: (Kruzkov) u € L= (R%™) s.it. YA € R and Vyp € C2(RHY),
v =0,

/+ |u7>\|gat+sgn(uf)\)(f(u)ff()\))~Vx<pdxdt+/ luo — Ale(0,-)dx > 0.
Ry Rd
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Entropy solutions

Opu+divkf(u) =0 in RIT:=RT xRY,
u|t:0 =ug € LOO(Rd) .

Entropy solutions: (Kruzkov) u € L= (REM) s.it. VA € R and Vi € C2(RFY),
¢ =0,

/’i+ |u— A|os +sgn(u— A)(f(u) —f(N)) - ngodxdt—f—/ lup — Alp(0, ) dx > 0.
R R

A= |lullpe = / wpr + f(u) -ngadxdt—i—/ uop(0,-)dx >0
Rd++l Rd

A= —|ullpe = —/ upy + f(u) - Vxp dxdt — / uop(0,-)dx >0
]Ri+1 Rd
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Entropy solutions

{atu + divkf(u)

U|t:0

0 in RIM:=RT xR?,
uy € L®(RY).

Entropy solutions: (Kruzkov) u € L= (R%™) s.it. YA € R and Vyp € C2(RHY),
¢ >0,

/Rd+1 |u— Al + sgn(u — N)(f(u) ff()\))~ng0dxdt+/ |ug — A@(0,-)dx > 0.

+

Kruzkov (1970): existence and uniqueness of entropy solutions for smooth
heterogeneous fluxes f.

o Existence: vanishing viscosity method; Uniqueness: method of doubling
variables

Panov (2010): existence of entropy solutions for non-smooth heterogeneous fluxes
under non-degeneracy assumptions

@ u, solution for the regularised flux f,,, and apply a compactness result
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Strong traces (A = 0)

Opu+divkf(u) =0 in RI:=RT xRY,
u|t:0 =ug € Loo(Rd) .

VA € R and Yy € C(R1F9), o > 0:

/d+ |u—)\|<pt+sgn(u—)\)(f(u)—f()\))-ngodxdt—I—/ luo — Ale(0,-)dx > 0.
R Rd

+
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Strong traces (A = 0)

Opu+divkf(u) =0 in RI:=RT xRY,
u|t:0 =ug € Loo(Rd) .

VA € R and Yy € C(R1F9), o > 0:

/d+ |u—)\|<pt+sgn(u—)\)(f(u)—f()\))-ngodxdt—I—/ luo — Ale(0,-)dx > 0.
R Rd

+

—

(ae. AER)  Oyfu— A+ dive (sgn(u ~N)(f(u) - f(A))) <0 in DR,

esslim;_,o+ u(t,") =ug in L. (RY).
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Strong traces (A = 0)

Opu+divif(u) =0 in R :=RT xR?,
uli=o = up € L=(RY).

(ae. AER)  Oyfu— Al + divy (Sgn(u — N)(f(u) - f()\))) <0 in DR,

esslimy o+ u(t,-) =ug in LL_(R?). strong trace
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Strong traces (A = 0)

Opu+divif(u) =0 in R :=RT xR?,
uli=o = up € L=(RY).

(ae. AER)  Oyfu— Al + divy (Sgn(u — N)(f(u) - f()\))) <0 in DR,

esslim,_,o+ u(t,") =uo in LL_(RY). strong trace

Vasseur (2001): existence of strong traces for entropy solutions for smooth fluxes
f and with a non-degeneracy condition

Panov (2005, 2007): existence of strong traces for entropy solutions (without
non-degeneracy conditions)

Neves, Panov, Silva (2018): existence of strong traces for entropy solutions for
heterogeneous fluxes f and with a non-degeneracy condition
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Strong traces (A = 0)

Opu+divif(u) =0 in R :=RT xR?,
uli=o = up € L=(RY).

(ae. AER)  Oyfu— Al + divy (sgn(u — N)(f(u) - f()\))) <0 in DR,

esslim,_,o+ u(t,") =uo in LL_(RY). strong trace

Vasseur (2001): existence of strong traces for entropy solutions for smooth fluxes
f and with a non-degeneracy condition

Panov (2005, 2007): existence of strong traces for entropy solutions (without
non-degeneracy conditions)

Neves, Panov, Silva (2018): existence of strong traces for entropy solutions for
heterogeneous fluxes f and with a non-degeneracy condition

The result does not hold for weak solutions!
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Strong traces (A = 0) — comments

Owu+divef(u) =0 in R :=RT x R

Idea of the proof:

u admits the strong trace <=

4
U (t,X,y) := u(—, x4 y) is precompact in L}OC(R‘f‘l x RY).
m’m

Some applications:

@ The strong boundary condition in the sense of Bardos, LeRoux, Nédélec for
rough initial ug and boundary w;, data: (VA € R)

(sgn(u— A) +sgn(A — up)) (f(u) — f(A)) -7 >0 on 9Q.

@ Biirger, Frid, Karlsen (2007): The well-posedness of the initial-boundary
problem with zero-flux boundary condition.

e Pfaff, Ulbrich (2015): The optimal control of initial-boundary value problems.
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Degenerate parabolic equation (A’ > 0)

Oyu+ divyf(u) = D2 - A(w) in R (divx(A’(u)qu))

(DP)
u|t:0 =ug € LOO(]Rd) s

where f :R > R?% A:R - R4 .= A" >0, and u : ]R_d;rl — R unknown.

sym
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Definition of solutions (kinetic formulation)

(OP) {@u +divif(u) = D2 A(u) in REIT,

u|t:0 =1Up € LOO(Rd) .

Definition

u € L=(REM) is called a quasi-solution to (DPy) if for a.e. A € R

Bulu — A| + divx (sgn(u —\) (F(u) — f(A)))
— D - [sgn(u — M) (A(u) — AN)] = —(t, %, A)

holds in D’(R%*), where v € C(Ry; M(RT™)).

For A =0 and v > 0 coincides with the previous definition of entropy solutions.
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Definition of solutions (kinetic formulation)

(OP) {Btu +divef(u) = D2 - A(u) in R,

U|t:0 = U € LOO(Rd) .

Theorem

If function w is a bounded quasi-solution to (DP, ), then the function
h(ta X, >‘) = Sgn(u(t7x) - /\) = _8A|U’(ta X) - )‘|

is a weak solution to the following linear equation:

Oth + divy (f' h) — D2 - [A/(\)h] = Oxy(t,x, A) .

Lions, Perthame, Tadmor (1994)

M. Erceg (UNIZG) Strong traces to degenerate parabolic equations



Why quasi-solutions?

 Definition |
u € L®(R%M) is called a quasi-solution to (DPy) if for a.e. A € R
Bulu — Al + divx (sgn(u —\) (F(u) — f(A)))
— D5 - [sgn(u — M) (A(u) — AN)] = —7(t,x,A)

holds in D' (R%H), where v € C(Ry; M(REM)).

@ The most general class for which we can get the result.

@ In the heterogeneous case entropy solutions are also quasi-solutions.
@ If w is an unbounded entropy solution, then

Sa,p(u) == max{a, min{u, }}

is a bounded quasi-solution with

(1,560 = 763, 50,500) — 5 (1(8,%, @) + (0%, 7))
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Existence of entropy solutions to (DP)

(OP) Oy + divyf(u) = D2 - A(u) dm REH
u|t:0 =ug € LOO(R ) .

@ smooth fluxes

Carrillo (1999): L*° solutions

Chen, Perthame (2003): L' solutions

Tadmor, Tao (2007): improved regularity under a non-degeneracy condition
Graf, Kunzinger, Mitrovi¢ (2017): on Riemannian manifolds

@ non-smooth fluxes (under a non-degeneracy condition)

e Sazhenkov (2006), Panov (2009): heterogeneous ultra-parabolic equations,
i.e. A(\) satisfies an ellipticity assumption on a subspace of R? uniformly in A

o Lazar, Mitrovi¢ (2012): the result for heterogeneous ultra-parabolic equations
using a velocity averaging approach

o Holden, Karlsen, Mitrovi¢, Panov (2009): general but homogeneous A
(in E., Miur, Mitrovi¢ (submitted) a similar result via velocity averaging
approach)
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Existence of strong traces for (DP;)

(DP;) Oyu+divif(u) = D2 - A(u) in RYT.
esslimy_,o+ u(t,") =ug in LL_(RY) 2?77

Kwon (2009): scalar diffusion matrices A(u) = a(u)I without non-degeneracy
conditions

Aleksi¢, Mitrovi¢ (2013): traceable fluxes f and ultra-parabolic A (i.e. A=B®0
where B > 0) without non-degeneracy conditions

“Fully degenerate” matrices A not covered, e.g.

o= (g [ DB ) (el )

Y
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Existence of strong traces for (DP;)

(DP;) Oyu+divif(u) = D2+ A(u) in RY.

esslimy_,o+ u(t,") =ug in LL_(RY) 2?77

Theorem (E., Mitrovi¢)

Let f € CYH(R;RY) and let A € CLL(R; R¥*9) be such that for any A € R we have
a(X) := A'(X\) is symmetric and positive semi-definite.

Then any quasi-solution u € LS (R*; LY (R%)), for some p > 1, to (DP;) admits
the strong trace at t = 0.
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Proof — an important point

(DPy) Oyu+divef(u) = D2~ A(u) in RIL,

Which scaling to choose with respect to x in

Uum (t,%,¥) = u( +y)?

t
"
m
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Proof — an important point

Oyu + divaf(u) = D2+ A(u) in RIH.

(DP1)
Ha@%zl@%zﬁ@)8}ﬂwﬂMeRWkME{L”wﬂ)md
a(A) >0
we use " % ) % )
Um (6, %,y) = u(%, ﬁ +y, o +y)

where x = (%X,%) € R* x R9™F and apply a compactness result from Holden et al

(2009).

Strong traces to degenerate parabolic equations

M. Erceg (UNIZG)



Proof — an important point

(DP4) Opu + divyf(u) = D2 - A(u) in R‘f‘l
'MW=WW=F? ’

(V€ € R\ {0})(V(<, 8) C R)
(o, ) 3 X (a(N)E]|€) is not indentically equal to zero.

} for a(\) € R*** (k€ {1,...,d}), and

we use .
U (E, X )—u(ii—&-NE-i-_)
m\6, X, Y) = m7\/m y7m y

where x = (%,%) € R¥ x R4~* and apply a compactness result from Holden et al

(2009).

Strong traces to degenerate parabolic equations
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Proof — an important point

(DP4) Opu + divyf(u) = D2 - A(u) in R‘f‘l .

a(\) o

Ifa()\):A’()\):[ 0o

} for a(\) € R** (k€ {1,...,d}), and

(V€ € R*\ {0})(V(c/, 8) S R)

(%) -
(o, B") 3 X — (a(N)€|€) is not indentically equal to zero.
we use B
U (E, X )—u(ii—&-NE-i-_)
m\l, X, ¥Y) = ’ITL’ \/’IT’I/ Yy, m y

where x = (%,%) € R¥ x R4~* and apply a compactness result from Holden et al
(2009).

If (x) is not satisfied, we can reduce locally a on some (a, 3) C R to that form,
and then apply above for s, g(u) instead of w.
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...thank you for your attention :)
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