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Introduction

Consider a damped linear vibrating system

Mq̈ +Dq̇ +Kq = 0,

q(0) = q0, and q̇(0) = q̇0,

where M,D,K ∈ Rn×n, symmetric (mass, damping, stiffness),

M and K > 0 positive definite.

D = Cint + Cext, Cint > 0 internal damping, Cext ≥ 0 external
damping.

Cint = αcCcrit, where Ccrit = 2M1/2
√
M−1/2KM−1/2M1/2.
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Example
Consider n-mass oscillator or oscillator ladder

c c

Figure: The n-mass oscillator with two dampers

mi > 0 - masses, c1, c2 - viscosities, ki > 0 - stiffnesses

M = diag(m1,m2, . . . ,mn), D ≡ Cint+Cext = Cint+c1e1e
T
1 +c2e3e

T
3 ,

K =


k1 + k2 −k2

−k2 k2 + k3 −k3

. . .
. . .

. . .

−kn−1 kn−1 + kn −kn
−kn kn + kn+1

 .
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Problem formulation
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Linearization
• Let Φ simultaneously diagonalize pair M and K

ΦTKΦ = Ω2 = diag(ω2
1, . . . , ω

2
n) and ΦTMΦ = I.

Note that internal damping is s.t. ΦTCuΦ = αΩ.
With q = ΦqΦ and w1 = ΩqΦ, w2 = q̇Φ we have

d

dt

[
w1

w2

]
=

[
0 Ω
−Ω −ΦTDΦ

]
︸ ︷︷ ︸

A

[
w1

w2

]
.

We obtain first order differential equation:

ẇ = Aw, with solution w = eAtw0, where w0 is initial data.
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Eigenvalue approximation

Problem formulation
Optimization criterion

Very important question arises in considering such systems:
For the given mass (M) and stiffness (K) determine the best (optimal)
damping which will insure optimal evanescence.

(M,K), A not stable (M,K,D), A stable
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Problem formulation
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Optimization criterion

There are different optimization criteria, but we use:

• Spectral abscissa criterion:

max
k

Re (λk(v)) → min,

where λk(v) are the eigenvalues of(
λ2(v)M(v) + λ(v)D(v) +K(v)

)
x(v) = 0.

• Frequency isolation criterion.
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Eigenvalue approximation

First order approximation
Application

Our goal

We have (λk(v0), xk(v0)) for k = 1, . . . , 2n.

We would like to efficiently calculate approximations of eigensystem
(λk(v), xk(v)) for parameter v such that

‖v − v0‖ � δv.

∂λk
∂vi

(v) = −
y∗k(v)

(
λ2
k(v)∂M∂vi (v) + λk(v)∂D∂vi (v) + ∂K

∂vi
(v)
)
xk(v)

y∗k(v)(2λk(v)M(v) +D(v))xk(v)
.
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Theorem

Let λk(v) denotes function λk : Rs
+ → R that corresponds to the k-th

eigenvalue. Moreover let H(λk(v)) be the Hessian matrix of function
λk(v). For v ∈ Ωv0 = {v ∈ Rs

+ : ||v − v0|| ≤ δv}, where δv is given

tolerance, approximation
˜̃
λk(v) can be calculated using

˜̃
λk(v) = λk(v0) +

s∑
i=1

∂λk
∂vi

(v0)(vi − v0
i )

and for error bound it holds

|λk(v)− ˜̃λk(v)| / 1

2
Mk‖(v − v0)‖2,

for Mk = max
t∈[0,1]

(‖H(λk(v0 + t(v − v0))‖).
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Application

H(λk(u))i,j =
∂2λk
∂vi∂vj

(u) =

−
y∗k(u)

(
∂λk
∂vi

(u) ∂λk
∂vj

(u)2M(u) + Zij(u)
)
xk(u)

y∗k(u)(2λk(u)M(u) +D(u))xk(u)

−
y∗k(u)

(
λ2
k(u)

∂2M
∂vi∂vj

(u) + λk(u)
∂2D
∂vi∂vj

(u) + ∂2K
∂vi∂vj

(u)
)
xk(u)

y∗k(u)(2λk(u)M(u) +D(u))xk(u)

−y
∗
k(u)(Ni(u)PIk(u)Nj(u) +Nj(u)PIk(u)Ni(u))xk(u)

y∗k(u)(2λk(u)M(u) +D(u))xk(u)
,

where
Zij(u) =

∂λk
∂vi

(u)

(
2λk(u)

∂M

∂vj
(u) +

∂D

∂vj
(u)

)
+

∂λk
∂vj

(u)

(
2λk(u)

∂M

∂vi
(u) +

∂D

∂vi
(u)

)
,

Nl(u) = 2λk(u)
∂λk
∂vl

(u)M(u) +
∂λk
∂vl

(u)D(u) +

λ2
k(u)

∂M

∂vl
(u) + λk(u)

∂D

∂vl
(u) +

∂K

∂vl
(u),

P Ik(u) = −
(
λ2
k(u)M(u) + λk(u)D(u) +K(u)

)†
.
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Numerical example

Example 1 Let dimension be n = 100, and

M(v0) = diag(2, 4, . . . , 200),

K(v0) = 0.1 ·



4 −1 −1
−1 4 −1 −1
−1 −1 4 −1 −1

. . .
. . .

. . .
. . .

. . .
−1 −1 4 −1 −1

−1 −1 4 −1
−1 −1 4


+ v03 · K̃,

where

K̃ =

 0 0 0
0 K0 0
0 0 0

 ,K0 = K̃(30 : 55, 30 : 55) =


2 −1

−1 2
. . .

. . .
. . . −1
−1 2

 .
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Numerical example

Example 1
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Figure: n-mass oscillator
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D(v0) = αCcrit + Cext(v
0), where α = 0.004,

Cext(v
0) = v0

1e35e
T
35 + v0

2e50e
T
50.

Parameters v and v0 are as following

v = ( c4 + δ, c+ δ, δ) and v0 = ( c4 , c, 0).
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different eigenvalues for c = 10 and δ = 0.005
0 20 40 60 80 100 120 140 160 180

er
ro

rs

10-18

10-14

10-10

10-6

different eigenvalues for c = 100 and δ = 0.005
0 20 40 60 80 100 120 140 160 180

er
ro

rs

10-20

1015

1010

10-5

real error
approximated error bound

Figure: Comparison of real error |λ(v)− ˜̃λ(v)| and approximated error bound of
eigenvalues, for system where c = 10 and δ = 0.005 and for system where
c = 100 and δ = 0.005
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Application

sin Θ type theorem for the eigensubspaces for quadratic
hyperbolic eigenvalue problem

[N.Truhar, S. Miodragović,’15.]

Additional assumption:

(x∗D(v0)x)2 − 4(x∗M(v0)x)(x∗K(v0)x) > 0, for all x of PQEP.

(M(v0), D(v0),K(v0))
linearization−−−−−−−−→ (A(v0), J(v0))

(X,Λ) eigenpair of (A(v0), J(v0))

(M(v), D(v),K(v))
linearization−−−−−−−−→ (A(v), J(v))

(X̃, Λ̃) eigenpair of (A(v), J(v))
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| sinϑ(X(:, j), X̃(:, j))| ≤ κ(X)κ(X̃)

(
δaF + δcF
RelGap2,j

+
δbF

RelGap1,j

)
:= RHSRelGap,

where

RelGap1,j = min
i 6=j

|λj − λ̃i|
|λ̃i|

, RelGap2,j = min
i 6=j

|λj − λ̃i|
|λj |

,

and

δaF =
√
‖L∗KM(v0)−1(M(v)−M(v0))L−∗M ‖2F + ‖L−1

M (M(v)−M(v0))L−∗M ‖2F ,

δbF =
√
‖L−1

M (M(v)−M(v0))L−∗M ‖2F + ‖L−1
K (K(v)−K(v0))L−∗K ‖2F ,

δcF =
√
‖L−1

M (D(v)−D(v0))L−∗K + L−1
M D(v0)M(v0)−1(M(v)−M(v0))L−∗M ‖2F .
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RelGap1,j ≥ min
i 6=j

|λj(v0)− ˜̃λi(v)| −Mi1

| ˜̃λi(v)|+Mi1

=: BoundRelGap1,j ,

RelGap2,j ≥ min
i 6=j

|λj(v0)− ˜̃λi(v)| −Mi1

λj(v0)
=: BoundRelGap2,j ,

where Mi1 = 1
2Mi‖(v − v0)‖2.

RHSBoundRelGap = κ(X)κ(X̃)

(
δaF + δcF

BoundRelGap2,j

+
δbF

BoundRelGap1,j

)
.

It holds,
RHSRelGap ≤ RHSBoundRelGap.
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Numerical example

Example 2 Let dimension be n = 100, and M and K are the same as in
Example 1.
D(v0) = αCcrit + Cext(v

0), where α = 0.004,

Cext(v
0) = diag(v0

1I40, v
0
2I50, v

0
3I10).

Parameters v and v0 are as follows

v = (c+ δ, c2 + δ, 4c+ δ, δ) and v0 = (c, c2 , 4c, 0),

where c = 1000 and δ = 0.00025.
Relative error of right hand side is as defined:

Relerr =
|RHSRelGap −RHSBoundRelGap|

RHSRelGap
.
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different eigensubspaces for c = 1000 and δ = 0.001
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Figure: Relative error of right hand side
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Thank you for your attention!
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