Efficient Approximation of Bounds for
Parameter Dependent QEP

Zoran Tomljanovié¢

UNIVERSITY J. J. STROSSMAYER OF OSIJEK
DEPARTMENT OF MATHEMATICS

Trg Ljudevita Gaja 6

31000 Osijek, Croatia
http://www.mathos.unios.hr

ztoml jan@mathos.hr

Joint work with:

Matea Puvaca, Ninoslav Truhar @ ."‘ hrzz

'C.(;r:lDyS .’ Hrvatska zaklada za znanost

[2019, OSIJEK, CROATIA] 10.5.2019.



Introduction
Eigenvalue approximation

Overview

@ Introduction
Problem formulation
Optimization criterion

@® Eigenvalue approximation

First order approximation
Numerical example

Application
Numerical example

Zoran Tomljanovi¢ Efficient Approximation of Bounds for Parameter Dependent QEP 219



Introduction Problem formulation
Eigenvalue approximation Optimization criterion

Introduction

Consider a damped linear vibrating system

Mi+ Dj+ Kq =0,
Q(O) = qo, and Q(O) = q.O’
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Introduction

Consider a damped linear vibrating system

Mi+ Dg+ Kq=0,
Q(O) = qo, and q(o) = q.O’
where M, D, K € R™*"™, symmetric (mass, damping, stiffness),

M and K > 0 positive definite.

D = Cipt + Ceypt, Cing > 0 internal damping, C.,; > 0 external
damping.

Cint = 0eClrit, where Copiy = 2MY/2/ M—12K M—1/20M1/2.
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Eigenvalue approximation Optimization criterion

Example
Consider n-mass oscillator or oscillator ladder

lem  fles

ki ky ki knai
Figure: The n-mass oscillator with two dampers

my

Zoran Tomljanovi¢ Efficient Approximation of Bounds for Parameter Dependent QEP 419



Introduction Problem formulation
Eigenvalue approximation Optimization criterion

Example
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lem  fles

ki ky ki knai
Figure: The n-mass oscillator with two dampers

my

m; > 0 - masses, c1, ¢o - viscosities, k; > 0 - stiffnesses
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Eigenvalue approximation Optimization criterion

Example
Consider n-mass oscillator or oscillator ladder

lem  fles

ki ky ki knai
Figure: The n-mass oscillator with two dampers

my

m; > 0 - masses, c1, ¢o - viscosities, k; > 0 - stiffnesses

. _ T T
M = diag(mi,ma,...,my), D = Cint+Cept = Cingtciere] +caezes

ki +ky  —ko
—ky ko4 ks —k3

_kn—l kn—l + kn _kn
_kn k:n + k'n+1
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Linearization
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Introduction Problem formulation
Eigenvalue approximation Optimization criterion

Linearization
® | et & simultaneously diagonalize pair M and K

TK® = Q? = diag(w?,...,w?) and ®TMD =1.

n

Note that internal damping is s.t. 7 C,® = af.
With ¢ = ®g¢ and wy = Qge, w2 = §o we have

i wy | 0 Q w1
dt | wy | | —Q —@TDd we |

/

-~

A
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Introduction Problem formulation
Eigenvalue approximation Optimization criterion

Linearization
® | et & simultaneously diagonalize pair M and K

PTK® = 0% = diag(w?,...,w?) and ®TM® =1

n

Note that internal damping is s.t. 7 C,® = af.
With ¢ = ®g¢ and wy = Qge, w2 = §o we have

i wy | 0 Q w1
dt | wy | | —Q —@TDd we |

/

-~

A

We obtain first order differential equation:

w = Aw, with solution w = eAtwo, where wy is initial data.
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Introduction Problem formulation
Eigenvalue approximation Optimization criterion

Very important question arises in considering such systems:

For the given mass (M) and stiffness (K) determine the best (optimal)
damping which will insure optimal evanescence.
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Introduction Problem formulation
Eigenvalue approximation Optimization criterion

Optimization criterion

There are different optimization criteria, but we use:

® Spectral abscissa criterion:

® Frequency isolation criterion.
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Introduction Problem formulation
Eigenvalue approximation Optimization criterion

Optimization criterion

There are different optimization criteria, but we use:

® Spectral abscissa criterion:

m]?xRe()\k(v)) —  min,

where A, (v) are the eigenvalues of

(A2 (V)M (V) + A(V)D(v) + K(v)) 2(v) = 0.

® Frequency isolation criterion.
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Introduction First order approximation
Eigenvalue approximation Application

Our goal

We have (A, (v0), 2 (v0)) fork =1,...,2n.

We would like to efficiently calculate approximations of eigensystem
(A (V), 2k (v)) for parameter v such that

v — 0| < d,.
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Introduction First order approximation
Eigenvalue approximation Application

Our goal

We have (A, (v0), 2 (v0)) fork =1,...,2n.

We would like to efficiently calculate approximations of eigensystem
(Ak(V), zk(v)) for parameter v such that

v — 0| < d,.

Biv) (O PLE) + M) B2 ) + ZEW) ) aulv)
20, (V)M (V) + D(v))x(v)
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Introduction First order approximation
Eigenvalue approximation Application

Theorem

Let \.(v) denotes function \j,: RS — R that corresponds to the k-th
eigenvalue. Moreover let H( Ay (v )) be the Hessian matrix of function
Me(V). Forv € Qo = {v € R%: |[|[v — V0| < 4y}, where 0y is given

tolerance, approximation Xk (v) can be calculated using

= oA
Ak(v) = Zavk vO)(vi — v7)
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Introduction First order approximation
Eigenvalue approximation Application

Theorem

Let \.(v) denotes function \j,: RS — R that corresponds to the k-th
eigenvalue. Moreover let H(\(v)) be the Hessian matrix of function
Me(V). Forv € Qo = {v € Ry ||[v — V0| < 4.}, where 0y is given

tolerance, approximation Xk (v) can be calculated using

= oA
)\k( Z 8’Uk 0 ,U’?)

and for error bound it holds

= 1
M) = M) 5 5 Mell (v = VOl

for M, = max (|H(M.(v? 4+ t(v — v))])).
t€[0,1]

Zoran Tomljanovié Efficient Approximation of Bounds for Parameter Dependent QEP



First order approximation
Application

Introduction
Eigenvalue approximation

()i = 55t () =
yi(0) (55 (W) PE (W2M (W) + 225 (w) ) 2 (w)
T @MW M (W) + Dlu))ei(w)
() (V) 5250 () + M) g2 () + 525 () ()
v (@) @A (WM () + D)) (w)
i (W) (N (W PL (N, (0) + N; (w) PL (w) Ni (w) 2 (w)
yi (@) (@A (W) M () + D))z (w) ’
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Introduction

Eigenvalue approximation
H(Ak(0))i; =

yi(w) (5

First order approximation
Application
2
oap.V )
u) =
Ov; 0v;

(u) 225 (w)2M () + Zij(w) ) we(u)

i () @A (W) M (w) + D))z (w)
() (AF (W) 523 (w) + A () 522 () + 52K () ) ()

Yie (W) (Ni(u) PIx (0) N

Y (W) (2Ak(w) M (u) + D(u))zs (u)
i (w) + N;(0) PIi (0) Ni(u)) 7k (u)

where
Zij(u)

Ni(u)

PIk(ll)

Zoran Tomljanovi¢

Vi (@) A () M) + D(w) e (1) |

- D (2n >§f< )+ 52 w) +
2 ) (30 2 >+alf< ).

= 2w P @M () + S (D) +

N Gl () + A >f§f(u>+§fj< )

= — (M@M() + A (w)D(u) + K ().

Efficient Approximation of Bounds for Parameter Dependent QEP

10119



Introduction First order approximation
Eigenvalue approximation Application

Numerical example

Example 1 Let dimension be n = 100, and

M%) = diag(2,4,...,200),

T4 -1 -1 7
-1 4 -1 -1

-1 -1 4 -1 -1

-1 -1 4 -1

L -1 -1 4 ]
where
2 -1
~ 0 0 0 ~ 1 9
K = 0 KO 0 |,K0=K(30:55,30:55)=
0 0 0 -1
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Introduction First order approximation
Eigenvalue approximation Application

Numerical example

Example 1

Figure: n-mass oscillator
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Introduction First order approximation
Eigenvalue approximation Application

D(VY) = aClrit + Cezt(vY), where v = 0.004,

0 0, T 0, T
Cert(V7) = viegsess + vyesoes-
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Introduction First order approximation
Eigenvalue approximation Application

D(v?) = aCrit + Cege(VY), where o = 0.004,
T T
Cort(V?) = viessels + viesoed.
Parameters v and v° are as following

v=(5+05c+60) andv®=(%c,0).
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Introduction First order approximation
Eigenvalue approximation Application

50 100 120 120 160 180
different eigenalucs for ¢ = 100 and § = 0,005

Figure: Comparison of real error | A(v) — A(v)| and approximated error bound of
eigenvalues, for system where ¢ = 10 and § = 0.005 and for system where
¢ =100 and § = 0.005
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Introduction First order approximation
Eigenvalue approximation Application

sin © type theorem for the eigensubspaces for quadratic
hyperbolic eigenvalue problem

[N.Truhar, S. Miodragovié, 15.]
Additional assumption:

(z*D(v®)x)? — 4(z* M (v®)z)(z* K (v®)z) > 0, for all 2 of PQEP.
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Additional assumption:

(z*D(v®)x)? — 4(z* M (v®)z)(z* K (v®)z) > 0, for all 2 of PQEP.

(M(v°), D(v°), K (v©)) meartzation, ( 4(v9), j(v®))
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Zoran Tomljanovi¢ Efficient Approximation of Bounds for Parameter Dependent QEP



Introduction First order approximation
Eigenvalue approximation Application

sin © type theorem for the eigensubspaces for quadratic
hyperbolic eigenvalue problem

[N.Truhar, S. Miodragovi¢,15.]
Additional assumption:

(z*D(v®)x)? — 4(z* M (v®)z)(z* K (v®)z) > 0, for all 2 of PQEP.

(M(v°), D(v°), K (v©)) meartzation, ( 4(v9), j(v®))
(X, A) eigenpair of (A(v?), J(v?))

(M(v), D(v), K (v)) 220 (A(v), (V)

(X, A) eigenpair of (A(v), J(v))
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Introduction First order approximation
Eigenvalue approximation Application

. N S . ~. [ dar + dcp obp
X(: X(: < k(X)r(X
| Sm 19( ( 7])’ ( 7]))| —_ K’( )’i( ) RelGaij RelGapLj
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Introduction First order approximation
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. N S . ~. [ dar + dcp obp
X(: X(: < k(X)r(X
sind(X . 3) KN < RORCD) (Firanct + it

:= RH SRelGaps
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Introduction First order approximation
Eigenvalue approximation Application

. N S . ~. [ dar + dcp obp
X(: X(: < k(X)r(X
sind(X . 3) KN < RORCD) (Firanct + it

:= RH SRelGaps
where

A = A A = A
RelGap; ; = min ————, RelGap, ; = min ——— |
PLi = P2 =00 I

|As
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Introduction First order approximation
Eigenvalue approximation Application

. N S . ~. [ dar + dcp obp
X(: X(: < k(X)r(X
sind(X . 3) KN < RORCD) (Firanct + it

= RHSRelGap:
where

A — A A — A
M, RelGap, ; = m1n| |

RelGap, . = min =
T Y

1#] | i

and

dap = \/IIL%M(V")”(M(V) = M(vO) L/ 1% + 1Ly (M(v) = M(vO) Ly |13

obr = \/IIL_1 M(v) = M(vO) Ly |13 + 1Lz (K (v) = K(vO) L 1%,

ser =/ ILyH(D(v) = D(VO)) L™ + Ly D(vO)M(vO) 1 (M(v) — M(v©)) Ly |3
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Introduction First order approximation
Eigenvalue approximation Application

RelGap; ; > min . =
N+ My,
I\(v0) — Xi(v)| — M;,

RelGapy ; > rgél;l (V)

where M;, = $M;||(v — v9) |2
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Introduction First order approximation
Eigenvalue approximation Application

RelGap; ; > min . < —a BoundRelGap; ;,
7 [Ai (V)| + M,
I\ (v0) = Xi(v)| = M;,

RelGapy ; > Igél;l % (v0)

where M;, = $M;||(v — v9) |2
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Introduction First order approximation
Eigenvalue approximation Application

RelGap; ; > min . = — =: BoundRelGap, ;,
7 IAi(v)| + M,
(V0 = Ai(v)] = M,
1 S =: BoundRel ;
RelGapy ; > Igél;l % (v0) oundRelGap, ;,

where M;, = $M;||(v — v9) |2
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Introduction First order approximation
Eigenvalue approximation Application

o =

. —\ — M;

min A (v:) Ai(v)l H . BoundRelGap; j,
] |)\1(V)| + Mil

C0) = (v - M
RelGapy ; > rzn;él;l ) 1

v

RelGap,

=: BoundRelGap, ;,

where M;, = $M;||(v — v9) |2

~ dap + dcp obp
H SBoundRelGap = K(X X
RH Spoundreicap = F(X)r(X) (BoundRelGapQ,j * BoundRelGapl’j)
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Introduction First order approximation
Eigenvalue approximation Application

RelGap; ; > min AR — =: BoundRelGap, ;,
N R |
X (v0) = Ni(v)| = M;,

RelGapy ; > min =: BoundRelGap, ;,

where M;, = $M;||(v — v9) |2

~ dap + dcp obp
H SBoundRelGap = K(X X
RH Spoundreicap = F(X)r(X) (BoundRelGapQ,j * BoundRelGapl’j)

It holds,
RH SRelGap < RH SBoundRelGap-
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Introduction First order approximation
Eigenvalue approximation Application

Numerical example

Example 2 Let dimension be n = 100, and M and K are the same as in
Example 1.
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Introduction First order approximation
Eigenvalue approximation Application

Numerical example

Example 2 Let dimension be n = 100, and M and K are the same as in
Example 1.
D(vY) = aClrit + Cezt(v?), where a = 0.004,

Ceat(v°) = diag(v) a0, v3 150, v3110).
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Introduction First order approximation
Eigenvalue approximation Application

Numerical example

Example 2 Let dimension be n = 100, and M and K are the same as in
Example 1.
D(vY) = aClrit + Cezt(v?), where a = 0.004,

Ceat(v°) = diag(v) a0, v3 150, v3110).
Parameters v and v© are as follows
v=_(c+65+094c+4,9) and v = (c, $,4c,0),

where ¢ = 1000 and § = 0.00025.
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Introduction First order approximation
Eigenvalue approximation Application

Numerical example

Example 2 Let dimension be n = 100, and M and K are the same as in
Example 1.
D(vY) = aClpit + Cezt(vY), where v = 0.004,

0 . 0 0 0
Cezt(v ) = dlag(v1[40, ’U2150, ’U3110).
Parameters v and v© are as follows

v={(c+0d,5+0,4c+0,6) and v0 = (¢, §,4c,0),

where ¢ = 1000 and 6 = 0.00025.
Relative error of right hand side is as defined:

|RH SRe]Gap — RH SBoundRelGap
RH SRelGap '

Relerr =

Zoran Tomljanovié Efficient Approximation of Bounds for Parameter Dependent QEP
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Introduction First order approximation

Eigenvalue approximation Application
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Figure: Relative error of right hand side
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Introduction First order approximation
Eigenvalue approximation Application

Thank you for your attention!
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