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The biggest machine in the world

The biggest (most complex) machine in the world...
(Fair to say:) ...but it didn't feel like it (“the most complex”) during
design...



The biggest machine in the world

Robustness?

» synchronous machines, inertia
(desirable physical properties)
> conservative engineering
.. and fragility

» Blackout 9 November 1965,
USA, Canada (tripping
transmission line). Affected
> 30 mil. people.

» Thailand 1978; Canada 1989;
Brazil 1999 (97 mil. people);
India 2001 (226 mil. people);
USA & Canada 2003; Italy
2003; Germany & France &
Italy & Spain 2006; China 2008;
India 2012 (670 mil. people)




things are changing...
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Distributed systems / dynamic networks




Distributed systems / dynamic networks
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Proofs... certificates of separation

Verifiable characterization of whether two sets are separated — in the
heart of verity of problems.
» Hahn-Banach separation theorem
> hyperplane separation in convex optimization (Lagrange multiplier)
» Separation of subspaces
> Full block S-Procedure (multipliers)

% 6

Bigger picture: multipliers as protocols in architecture of dynamical
networks

Full block S-Procedure in control systems has nice physical interpretation
in terms of dissipativity theory.



Quadratic separation

( Statement A (desired property)
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Statement B (Quadratic separation)

T T
. I 1 G, Gs
Exists II such that <G1> H<G1> =<0, <I> H<I> = 0.
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Example
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Full block S-Procedure
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Statement A (desired property)
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Full block S-Procedure
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v=Aw, A€A
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Statement B (multiplier-based condition - separation)
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Statement A (desired property)



Full block S-Procedure
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v=Aw, A€A

Statement B (multiplier-based condition - separation)
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Statement A (desired property)



Full block S-Procedure
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Statement A (desired property)



Full bloc

Necessi

k S-Procedure
ty: A compact (Scherer 2001), extension (Joki¢, Naki¢ 2017)

Statement B (multiplier-based condition - separation)
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( Statement A (desired property)
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( Statement B (multiplier-based condition)
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( Statement A (desired property)
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Example: robust stability

Uncertain dynamical system
z = A(0)x, § €4.

Uniform exponential stability condition (single quadratic Lyapunov
function)

d, - T 0 P\ [z
. pr— I —
AP >0 : t(x Pz) = (x) (P 0) <x) <0, &= A(0)x for all 6 € 4.

LFT representation of an uncertain system:
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v=Aw, A€A




Example: robust stability
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G
v=Aw, A€A

[ Statement A (desired property)
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[ Statement B (multiplier-based condition)
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Dissipative dynamical systems (Jan Willems, 1972)

d
o o s
Z z = g(x,d)

f Dissipativity (global characterization)
Supply function: s(d(t), z(t)), storage function: V' (x(t))

V(a(t)) + / T S(d(t), 2(6)dt > V((t)

( Dissipativty (local characterization)
9V (2)f(z,d) < s(d(t), g(z,w))
V(z) < s(d, 2)




Dissipative dynamical systems (Jan Willems, 1972)

d
o [i=fea)
z z=g(x,d)

[ Strict dissipativity (global characterization)
Supply function: s(d(t), z(t)), storage function: V' (x(t))

V(a(t)) + / Cs(d(t), 2(8)dt — € / ()2t > V(a(ta)

Strict dissipativty (local characterization)

V(z) < s(d, 2) — €|d(t)|)?




Dissipative dynamical systems

d
i = Av+ Bd
= G
=Cx+ Dd

z

o= (1) (& (Y vm=aTre

( Strict dissipativity

T T T(Q S d
(Az + Bd)' Px+x P(Ax‘*"Bd)"'(*) <5T R) (C,q;+Dd><0

(Strict dissipativity
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Special cases: passivity, Lo gain bound



Interconnection neutral supply functions
< M
E E]
e o
w1 V2

Vl(xl) < s1(vy,wy) for  col(xy,v1,w1) #0

Vg(xg) < sg(vg,wy) for col(xa,ve,ws) #0

Interconnection neutral supply function
The interconnection is neutral with respect to supply rates s1, so if

s1(v1,w1) + s2(ve, wa) =0,

for all vy, wy, v2, wa such that v1 = wsy, vo = wy.



Interconnection neutral supply rates

< U1 w2
G, _ Go
wy vy

Stability proof via neutral supply functions

Vi(z1) >0, Vi(z1) < si(vi,w1) for col(zi,vi,wi) #0
Va(z2) > 0, Vg(xg) < s2(v2,w2) for col(xz,v2,w2) # 0

s1(vi,w1) + s2(v2,w2) =0 for v1 = wa,v2 = wn

Willems, 1972 |} Willems, 1972 | 1+ Joki¢, Naki¢, 2016, 2017

Exists additive Lyapunov function

V(x) = Vi(x1) + Va(z2) is positive definite, V(m) is negative definite

Examples: passivity, small gain



Interconnection neutral supply rates
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{ Joki¢, Naki¢, 2016, 2017

Additive Lyapunov function

V(z) = 21 Piz1 + 9 Poms is positive definite, V(az) is negative definite




Graph separation interpretation
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Additive Lyapunov function

V(z) = Vi(x1) 4 Va(az2) is positive definite, V(z) is negative definite




Proof (sketch)

Given: There exists an additive Lyapunov function; P = diag(Py, P5).

0 I A| B
H_<I 0)’ G‘{ﬂ?]

(A0 (B 0 _(Ci 0 (D1 0
whereA_<O Ag)’B_(O B2>7C’_<0 C’z)’D_<O Dg)

Problem: Search for a structured multiplier (“structured separation”)
* — *.



Proof (sketch)

Starting point: Full block S-procedure

() (& ()=

0 P, 0 0 I 0

(0" P00 0 N[ A_B |,
0 0 S 0 I
0 0's" R C D

Proof: Full multiplier implies existence of a structured
multiplier. Proof is constructive.

Qi Qi2 ‘ S Si2 Q 0 ; S 0
Q S\ _ Qly Q221 S21  Sa 3 0 -R,0 =S8T
STR)T S, Sh TRy Re | 7| ST 0 ®R 0

S;—z S;Q ‘ Rirz Rao 0 ) ‘ 0 -9

Assumption: Either C; and Cs are full row rank or D; =0, Dy = 0.



Interconnection neutral supply rates for open systems

21— .U

__ &
dy — w;

we ——— d
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Vo —J Z9

A

Vi(z1) < s1(vi,wi) +s7%(dy,z1) for  col(zy,vi,w1) # 0
Vg(:vz) < s2(v2,w2) + SQEX(dQ,Zz) for  col(zz,v2,w2) # 0

si(vi,wi) + s2(v2,we) =0 for w1 = wa,v2 = w1

Willems, 1972 |} 1 Joki¢, Naki¢, 2016, 2017

Dissipativity to external supply functions with additive storage function

V(z) = Vi(z1) + Va(z2) < st (d1, 21) + 85 (dz, 22)




Interconnection neutral supply rates for open systems

Al Gl 1 w2 G
dq T wy Vo =L
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Assumption: Either C; and C5 are full row rank or D1 =0, Dy = 0.

i

Zs
Vi
d;

Vi(z1) < s1(vi, w1) + st
Va(z2) < so(va, w2) + s X

s1(vi,w1) + s2(v2,w2) =0 for

X(d1,21) for
(d2,22) for

col(z1,v1,w1) #0

col(za,v2, w2) # 0

V1 = W2, V2 = W1

Willems, 1972 |} 1 Joki¢, Naki¢, 2016, 2017

Dissipativity to external supply functions with additive storage function

V() =

Vi(z1) + Va(z2) < st

(d1,21) + SQEX

(d2, z2)
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Acyclic dynamical networks
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Assumption: Either C; is full row rank or D;; = 0.
Note: more general feed-through patterns - “implicitly”_not acyclic- networks



Additive Lyapunov functions and dissipativity

( Statement 1: existence of an additive Lyapunov function
Dynamical network admits an additive quadratic Lyapunov function
V(z) =2 Pixy+...x] Prag
—_—— —_——

Vi(z1) Vi (zL)

)

[ Statement 2: existence of interconnection neutral supply rates

V(i) < > sij(vig, wij)

JEN;

along trajectories x;, v;;j, w;; satisfying

84 (Vig, wij) + 851 (Vi wji) = 0

for each (i,7) such that (G;, G;) € E;

\




Proof (illustration)

-

@ o
S1A
SA1

&

J

542 | S24

S12 a 523 @
2 3
S21 U 532




Robustness
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[ Statement A

vV v vV

P>0

> G strictly dissipative w.r.t. s(v,w) = sa(va,wa) + sp(vs, wn) with
storage x| Px

sa(va,wa) + sp(vp,wp) =0 for all v4 = wp,vp = wa
s54(0,wa) <0 forall wa #0
SB(O,IUB) <0 for all wp #0




Robustness

Statement B
» (G is stable

> G remains stable if the following interconnection is made:
VA = QWB, VB = QWA

Statement A — Statement B



Robustness

G va T

-4 ol F-

wa e Y g

(. J

Proof. Direct application of the full block S-procedure

VA T Q 0 ; S 0 VA
VB 0 —R | 0 —ST UB
= — - - = = = = = = = = - - -
s(v,w) wa ST "0 R 0 wal’ R >0,
wp 0 -S'o -@ wp
i

SA(UA,IUA) + SB(’UB,’LUB) =0 for all va = wp,vp = wa,
s54(0,wa) <0 forall wa #0, sp(0,wp) <0 for all wg, # 0



Robustness

(.

Proof. Direct application of the full block S-procedure
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Robustness in dynamical networks

» Assumption: No algebraic loops (D;; = 0)

» By construction: In acyclic networks exist interconnection neural
supply rates which imply robustness w.r.t. loss of a link

» Networks with cycles: robustness w.r.t. to disconnection of a system
(loss of all links which connect a system to the rest of the network)
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Beyond static supply rates (static separation)

For all s e C°UCH:

NN ) )

I\ . I

(GQ(S))* W (s)*TT0 (s) <G2(5)> <0

———— 1
TI(s)

Note: 1QCs, piecewise constant separation (e.g., in vertical layering), QDFs



Synthesis (Distributed control)

1
1
l
Gh ' -~ Gy
w1 : V2 o
1
UK1 ; WK?2
1
Kl 1 KQ
WK1y VK2
1
1

> Interactions in the control layer: more variables in interconnection
neutral supplies

» Convexification in synthesis: equivalent to LPV control
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Architecture, Constraints that de-constrain (protocols) + Examples



Motivating example: electrical power system




Motivating example: electrical power system

G(j0)+G(jo)

Area 1
5 6 7

s

AR RS “ASE, SR S|

without AVR, without PSS
with AVR, without PSS
with AVR, with classical PSS

1

15 25
frequency o (Hz)

3

8

Area 2

9 10

generator speed (Hz)

L1,

6003,

60.02.

£0.01

2

8
8

5008,

5007,

5006

50.05
(]

——— with passivity based PSS on G |

without PSS on G1

with classical PSS on G

5
time (5)



Internet

Power sys.

Fast

Economy

Dyn. net

Ay
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[John Doyle]

Layered architecture

Dyn Econ.

-
2

Slow

Domain specific knowledge!

Hiding local complexity behind interface
No global model, confidentiality

Trade offs: roustness- efficiency scalability

Good I1 Bad II, II(s Ugly TI(s

% i



All happy families are alike;
each unhappy family is unhappy in its own way.

x
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