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Consider a damped linear vibrating system (stationary case)

Mi + Di+ Kz =0,
z(0) =x9, and z(0) = o,
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Consider a damped linear vibrating system (stationary case)

Mi + Di+ Kz =0,
z(0) =x9, and ©(0) = o,

where M, D, K € R™™ (mass, damping, stiffness),
M and K > 0 positive definite.

D = Cipt + Ceyy, where Ceyy > 0 is external (viscous) damping.

Cint internal damping e.g. Cint = @eClrit, Where

Cnis = 2MY/2\/ M~1/2 K M—1/2 V12

Quadratic eigenvalue problem:

(A’M 4+ AD + K)z = 0.
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Example: n-mass oscillator or oscillator ladder

\Eml

m m;y my

kn kn+1
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Problem formulation
Tracking eigenvalues
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Motivation
Introduction

Example: n-mass oscillator or oscillator ladder

my

kn kn+1

. T T
M = diag(mi, ma,...,my), D = Cins + viere] + vaeses.

ki +ky =k
—ky kot ks —ks3

_kn—l kn—l + kn _kn
_kn kn + kn—f—l

m; > 0 -ith mass, k; > 0 -ith stiffness, v1, vg - viscosities.
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Very important question arises in considering such systems:

For the given mass (M) and stiffness (K) determine the best (optimal)
damping which will insure optimal evanescence.

yi ! WN
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Motivation
Introduction

Very important question arises in considering such systems:

For the given mass (M) and stiffness (K) determine the best (optimal)
damping which will insure optimal evanescence.

(M, K) (M, K, D)

yi * WN

t t

Spectral abscissa criterion:
max Re(A\z) — min,

where )\, are the complex eigenvalues of ()\QM + AD + K) z = 0.
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Problem formulation

S st

Direct Velocity Feedback (DVF):
Mz + Kz = bu, structure equation
Yy = bT:'v, output equation (velocity sensor)
U = —0y. control equation
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Problem formulation
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Direct Velocity Feedback (DVF):
Mz + Kz = bu, structure equation
Yy = bT:'v, output equation (velocity sensor)
U = —0y. control equation

Find v € R, s.t. the resonance peaks are minimized.
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Mz + Kz = bu, structure equation
Yy = bT:'v, output equation (velocity sensor)
U = —0y. control equation

Find v € R, s.t. the resonance peaks are minimized.

Mechanical systems with external force (non-stationary case):

Mi(t) + Di(t) + Ka(t) = £(2)
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Problem formulation

X . Motivation
Tracking eigenvalues

Bounds on subspaces ntroduction

Direct Velocity Feedback (DVF):
Mz + Kz = bu, structure equation
Yy = bTa':, output equation (velocity sensor)
U = —0y. control equation

Find v € R, s.t. the resonance peaks are minimized.

Mechanical systems with external force (non-stationary case):

Mi(t) + Di(t) + Ka(t) = £(2)

Frequency isolation problem: re-design of a given damped mechanical
system, such that a new system does not have eigenvalues in some

“dangerous” part of a complex plane, typically called the resonance band.
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Tracking eigenvalues
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Introduction

describe the behavior of the all eigenvalues or just of the part of spectrum

The first problem: Tracking eigenvalues
for a different varieties of v }
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describe the behavior of the all eigenvalues or just of the part of spectrum
for a different varieties of v

The second poblem: For considered QEP
(MM +AD + K)z =0,

where M, D, K € C™*™ are Hermitian matrices.
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The second poblem: For considered QEP
(MM +AD +K)z =0,

where M, D, K € C™*™ are Hermitian matrices.
and corresponding perturbed QEP

(AN2(M 4 6M) + X(D + 6D) + K + 6K)Z = 0,

Zoran Tomljanovi¢ Approximation bounds for parameter dependent quadratic eigenvalue problem 6/33



Problem formulation
Tracking eigenvalues
Bounds on subspaces

Motivation
Introduction

The first problem: Tracking eigenvalues

describe the behavior of the all eigenvalues or just of the part of spectrum
for a different varieties of v

The second poblem: For considered QEP
(MM +AD +K)z =0,

where M, D, K € C™*™ are Hermitian matrices.
and corresponding perturbed QEP

(A(M + M)+ X(D + 6D) + K + §K)% = 0,

where M + M, D + 6D and K + 6K are also Hermitian.

Zoran Tomljanovi¢ Approximation bounds for parameter dependent quadratic eigenvalue problem 6/33



Problem formulation
Tracking eigenvalues
Bounds on subspaces

Motivation
Introduction

The first problem: Tracking eigenvalues

describe the behavior of the all eigenvalues or just of the part of spectrum
for a different varieties of v

The second poblem: For considered QEP
(MM +AD +K)z =0,

where M, D, K € C™*™ are Hermitian matrices.
and corresponding perturbed QEP

(A(M + M)+ X(D + 6D) + K + §K)% = 0,

where M + M, D + 6D and K + 6K are also Hermitian.

i) bounds for difference of “appropriate scalar products”

Zoran Tomljanovié Approximation bounds for parameter dependent quadratic eigenvalue problem 6/33



Problem formulation
Tracking eigenvalues
Bounds on subspaces

Motivation
Introduction

The first problem: Tracking eigenvalues

describe the behavior of the all eigenvalues or just of the part of spectrum
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where M, D, K € C™*™ are Hermitian matrices.
and corresponding perturbed QEP

(A(M + M)+ X(D + 6D) + K + §K)% = 0,
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i) bounds for difference of “appropriate scalar products”

ii) sin® bound
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Eigenvalue behavior A(v):
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Problem formulation Tracking all eigenvalues
Tracking eigenvalues Tracking selected eigenvalues
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Eigenvalue behavior A(v):

ForO<v<w; <1,i=1,...,k: eigenvalues \(v) can be efficiently
approximated by modal approximation *.

K. Veseli¢, Damped Oscillations of Linear Systems — a mathematical introduction,
Springer Lecture Notes in Mathematics, 2011
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Eigenvalue behavior A(v):

ForO<v<w; <1,i=1,...,k: eigenvalues \(v) can be efficiently
approximated by modal approximation *.

Forv >wv; > 1,i=1,...,k: eigenvalues \(v) can be efficiently
approximated using .

K. Veseli¢, Damped Oscillations of Linear Systems — a mathematical introduction,
Springer Lecture Notes in Mathematics, 2011

2|, Naki¢, Z. Tomljanovié, N. Truhar, Optimal Direct Velocity Feedback, Applied
mathematics and computation 225 (2013), 590-600
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The new result:

We present an efficient way for tracking A(v), v = [v1, ..., vg], for
0<v; <Vi,i=1,...,k
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Eigenvalue behavior A(v):

ForO<v<w; <1,i=1,...,k: eigenvalues \(v) can be efficiently
approximated by modal approximation *.

Forv >wv; > 1,i=1,...,k: eigenvalues \(v) can be efficiently
approximated using .

The new result:

We present an efficient way for tracking A(v), v = [v1, ..., vg], for
0<v; <Vy,e=1,...,k.
Here V) is of modest (even arbitrary) magnitude.

K. Veseli¢, Damped Oscillations of Linear Systems — a mathematical introduction,
Springer Lecture Notes in Mathematics, 2011

2|, Naki¢, Z. Tomljanovié, N. Truhar, Optimal Direct Velocity Feedback, Applied
mathematics and computation 225 (2013), 590-600
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We consider a damped linear vibrating system

Mi+ Dz + Kx =0

with M, D, K > 0.
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We consider a damped linear vibrating system

Mi+ Dz + Kx =0

with M, D, K > 0.

Linearization
o Let ® simultaneously diagonalizes pair (M, K)

TK® = Q% = diag(w?,...,w?) and ®TMO =1.

n
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We consider a damped linear vibrating system

Mi+ Dz + Kx =0

with M, D, K > 0.

Linearization
o Let ® simultaneously diagonalizes pair (M, K)

TK® = Q% = diag(w?,...,w?) and ®TMO =1.

n

With z = ®x¢ and y1 = Qx g, yo = Te we have

/

%[Z;]:{_OQ _<I>T1%(V)<I>HZ$}
GGt

v Alv)
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Basic idea:

2r 2r
00100 0 00
X oo e BRi0%e e 0% XX e Oxi
P eie . P o
. . ele o . . ol
. . o i ° . - . o1
0 0x ~ 00 ox !t
A_ 8x LA xx;B&“H%Q — ox * = xxi
P 2r| "o 001 00 P 2r 10x
B% oo QRiRXe e 282 P XX
. . e . O : .
. . ede o e ! .
00
8% o oo BRIGRe - 02X ' %
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Basic idea:

2r 2r
00100 0 0 00
X oo e BRi0%e e 00X XX e OXi
P eie P ot
. . ele o . . o
. . oi- ° . <o . O-E
00 0x ~ x
A_ 8% oo o RXiBRe e -82 — 0X ®°** XXi
= : = ;
P 2r| o0 001 00 P 2r 10x
B% oo o QRiRXe e o82 P XX
. . e . . H .
. . o i « e ' .
00 00400 0x
8% ooc QRi0Re e o2X ' XX

1O r+1:n)|[(= |C(r+1:n,:)]) is small

We approximate A p (after the perfect shuffle permutation) with ;1\;
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Basic idea:

2r 2r
00100 9 0 00
X oo e BRi0%e e 00X XX e OXi
<. i <. .
. . ele o e . . ol
. . .i- ° . <o . O-E
00 0x ~ x
A_ ox * ¢ xx:89-0°8>°< — 0X ®°** XXi
= : = ;
P 2r| o0 001 00 P 2r 10x
B% oo o QRiRXe e o82 P XX
. . o 1e . [
. . o i « e ' .
00 00100 0x
8% ooc QRi0Re e o2X ' XX

1O r+1:n)|[(= |C(r+1:n,:)]) is small

We approximate A p (after the perfect shuffle permutation) with ;1\;

Hopping that: » < n, approximate A(v)y(v) = A(v)y(v)
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Problem formulation Tracking all eigenvalues

Tracking eigenvalues Tracking selected eigenvalues
Bounds on subspaces Numerical experiments
Basic idea:
2r 2r
9X e e e BREBRe e o 8T WX e e e 8% O
A= BY woe S¥iGRee o0 | 7 | 6% ... g¥i
P 2r 00 W a . 0010Xe . 4 g0 P 2r HERS
X 00X : X.X O.X O :XX
O+ 1 n)|(= |C(r+1:n,:)|) is small
We approximate A p (after the perfect shuffle permutation) with Ap
.

Hoppijg that: 7 < 7, approximate A(v)y(v) = A(v)y(v)
with Ap(v)g(v) = A(v)g(v).

Zoran Tomljanovi¢ Approximation bounds for parameter dependent quadratic eigenvalue problem 9/33



Problem formulation Tracking all eigenvalues

Tracking eigenvalues Tracking selected eigenvalues
Bounds on subspaces Numerical experiments
Questions:

Zoran Tomljanovi¢ Approximation bounds for parameter dependent quadratic eigenvalue problem 10/33



Problem formulation Tracking all eigenvalues

Tracking eigenvalues Tracking selected eigenvalues
Bounds on subspaces Numerical experiments
Questions:

How to choose reduced dimension r?

10/33

Zoran Tomljanovi¢ Approximation bounds for parameter dependent quadratic eig:




Problem formulation Tracking all eigenvalues

Tracking eigenvalues Tracking selected eigenvalues
Bounds on subspaces Numerical experiments
Questions:

How to choose reduced dimension r?
What is the error made by this approximation?

Zoran Tomljanovi¢ Approximation bounds for parameter dependent quadratic eigenvalue problem 10/33



Problem formulation Tracking all eigenvalues

Tracking eigenvalues Tracking selected eigenvalues
Bounds on subspaces Numerical experiments
Questions:

How to choose reduced dimension r?
What is the error made by this approximation?
How reduced dimension 7 and the error depend on parameters v?

Zoran Tomljanovi¢ Approximation bounds for parameter dependent quadratic eigenvalue problem 10/33



Tracking eigenvalues Tracking selected eigenvalues

Problem formulation Tracking all eigenvalues
Bounds on subspaces Numerical experiments

Questions:

How to choose reduced dimension r?

What is the error made by this approximation?

How reduced dimension 7 and the error depend on parameters v?

Answers:

For the reduced dimension r we use approximation derived for damping of
all eigenfrequencies 2and for damping only selected eigenfrequencies .

%p. Benner, Z. Tomljanovi¢, N. Truhar, Dimension reduction for damping optimization in
linear vibrating system, Journal of Applied Mathematics and Mechanics 91/3 (2011),
179-191

P, Benner, Z. Tomljanovié, N. Truhar, Optimal Damping of Selected Eigenfrequencies
Using Dimension Reduction, Numerical Linear Algebra with Applications 20/1 (2013), 1-17
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Problem formulation Tracking all eigenvalues
Bounds on subspaces Numerical experiments

Questions:

How to choose reduced dimension r?

What is the error made by this approximation?

How reduced dimension 7 and the error depend on parameters v?

Answers:

For the reduced dimension r we use approximation derived for damping of
all eigenfrequencies 2and for damping only selected eigenfrequencies .
The error and eigenvalue approximation will be presented.

%p. Benner, Z. Tomljanovi¢, N. Truhar, Dimension reduction for damping optimization in
linear vibrating system, Journal of Applied Mathematics and Mechanics 91/3 (2011),
179-191

P, Benner, Z. Tomljanovié, N. Truhar, Optimal Damping of Selected Eigenfrequencies
Using Dimension Reduction, Numerical Linear Algebra with Applications 20/1 (2013), 1-17
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I I Tracking all eigenvalues

Essentially, modal approximation means:

Problem formulation
Tracking eigenvalues
Bounds on subspaces
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Problem formulation
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Tracking all eigenvalues
Tracking selected eigenvalues
Numerical experiments

Essentially, modal approximation means:
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The error bounds (tracking all eigenvalues)
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Tracking eigenvalues Tracking selected eigenvalues

Problem formulation Tracking all eigenvalues
Bounds on subspaces Numerical experiments

The error bounds (tracking all eigenvalues)

We approximate matrix A p by the matrix
— All 0
Ap = _
P Fo Am] ’

Ay = Ap(1:2r,1:2r),

with

—wi =% — Ci

Ay = @ \IJ;L(Z-), where WU/ = [ 0 i ]

1=r+1
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Tracking eigenvalues Tracking selected eigenvalues

Problem formulation Tracking all eigenvalues
Bounds on subspaces Numerical experiments

The error bounds (tracking all eigenvalues)
We approximate matrix gp by the matrix

- All 0
AP - FO Z22:| )
A = Zp(1 :2r,1:2r),

0 wj
Agg = v’/ o where U/ = ’ ] )
- 1@1 w(® ' |:_wi =i — Cii

with

The matrix \Il;] has eigenvalues

- i Cui=x \/(%-I-C'ii)2 — dw?
A= 5 fore=r+1,...,n

where Cj; = Zk v;®(:, )T C;®(:, 1) and v; = aw; .
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Tracking eigenvalues Tracking selected eigenvalues

Problem formulation Tracking all eigenvalues
Bounds on subspaces Numerical experiments

Moreover, we need to diagonalize all two-by-two matrices \I';{] ()"
We assume that (v (i) + Cop(iyw(i))? — dw? ) # 0; thus matrices

w

%

Y, 41,041, .., Yy, diagonalize \I[i]u( )

\111{;(1') = Vi diag(Aoi—1,A2i)Y;; Y, Vi=r+1,...,n.
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Problem formulation Tracking all eigenvalues
Tracking eigenvalues Tracking selected eigenvalues
Bounds on subspaces Numerical experiments

Moreover, we need to diagonalize all two-by-two matrices \I';i ()"
We assume that (v (i) + Cup(iyw(i))? élcuw(Z # 0; thus matrices
Y, 41,041, .., Yy, diagonalize \Ifi(i).

U7 = Yidiag(hai1, M) Yy, ', Vi=r+1,...,n

Then, using a block diagonal matrix

[ gl

0 @?:fg Y;z
we obtain
Ap = X ApX = An o XM@Y
(B, 1Y) AnXn Ay ’
with

n -1 n
Ay = @ Yii Ao @ Yii

i=r+1 1=r+1
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Problem formulation Tracking all eigenvalues
Tracking eigenvalues Tracking selected eigenvalues
Bounds on subspaces Numerical experiments

Moreover, we need to diagonalize all two-by-two matrices \I';]U ()"
We assume that (v (i) + Cup(iyw(i))? élcuw(Z # 0; thus matrices
Y, 41,041, .., Yy, diagonalize \Ifi(i).

U7 = Yidiag(hai1, M) Yy, ', Vi=r+1,...,n

Then, using a block diagonal matrix

+-P3 gl

0 GB?:JC Y;z
we obtain
Ap = XApX = A XA @Y
(®?=r+1 Y;l) Ax1 X131 Ay ’
with

n -1 n
Ay = @ Yii| A @ Yii
i=r+1 1=r+1
Here we apply the Gershgorin theorem.
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Problem formulation Tracking all eigenvalues
Tracking eigenvalues Tracking selected eigenvalues
Bounds on subspaces Numerical experiments

Gerschgorin type bound gives:
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Problem formulation Tracking all eigenvalues
Tracking eigenvalues Tracking selected eigenvalues
Bounds on subspaces Numerical experiments
Gerschgorin type bound g|v2es:
n

N — Ay Ap) < ) ’(Xﬂlzzflz ®ryi1 Yin)ij
Jj=r+1

Zoran Tomljanovi¢ Approximation bounds for parameter dependent quadi nvalue problem
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Tracking eigenvalues Tracking selected eigenvalues

Problem formulation Tracking all eigenvalues
Bounds on subspaces Numerical experiments

Gerschgorin type bound giv2es:
n

N — Ay Ap) < ) ’(Xﬂlﬁlz @Ol Yu)i|, 1=1,...,2r,

Jj=r+1
~ -
[Azi-1 ((@?zrﬂyll) A21X11) .
2i—2r—1,7
n—2r
+ Z |(Ay)2i—2r—14], i=r+1,...,n,
jABi—2r—1
~ i
|)\2i - )\ﬂ' ((@?:T_HY'”) A21X11> ] )
2t—2r,5
n—2r
+ Z |(Ay)2i—2rjl, i=7r+1,...,n,
]7521 2r
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Problem formulation Tracking all eigenvalues
Tracking eigenvalues Tracking selected eigenvalues
Bounds on subspaces Numerical experiments

Approximation of the selected eigenvalues

2s
2s| 2.x " = momomw 2s =S
A= . S A= e
2s 2r

]

T

2s 2r '

- - P AT FA) ;
AP_ - - == om PAP N '"'""'E'.'.".':'.'
'-----
e .
- L] - = = 'm = mm m

1
- - - ow (== omom
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Problem formulation Tracking all eigenvalues
Tracking eigenvalues Tracking selected eigenvalues
Bounds on subspaces Numerical experiments
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_ A -
We approximate A, with Ap = 011 ZO , Ajp = Ap(1:2r,1:2r),
22
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Ay 0

We approximate A, with Ap = o il Ay = Ap(1:2r1:2r),

A22

and EQQ = AP(27’ +1: 277,727‘ : 2n) .
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. R 7 EE R I
We approximate A, with Ap = o il A =Ap(1:2r,1:2r),
22

and Ay = Ap(2r+1:2n,2r: 2n).

If n2(A;) :Nminﬁeeig(gzz) |Ai — w| > 0 with matrices X1, Y11 which

diagonalise A11, A9, resp., we have that °

[ Asa]l2]| Ao ||2

= Ari)] < w2(X11)k2(Y11)
n2(i)

(1)

5R. Li, Y. Nakatsukasa, N. Truhar, S. Xu, Perturbation of partitioned hermitian
generalized eigenvalue problem, SIAM Journal on Matrix Analysis and Applications 32 (2)
(2011) 642-663.
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. R 7 EE R I
We approximate A, with Ap = o il A =Ap(1:2r,1:2r)
22

and Ay = Ap(2r +1:2n,2r:2n).

If n2(A;) :Nminﬁeeig(gzz) |Ai — w| > 0 with matrices X1, Y11 which

diagonalise A11, A9, resp., we have that °

- Al|2|| A
X = Ayl < Hz(Xll)/fz(Yll)M (1)
n2(Ai)
Gerschgorin bound: om—2r
N = A (Ap) < Y 1(X Ar2)yl @
j=1

5R. Li, Y. Nakatsukasa, N. Truhar, S. Xu, Perturbation of partitioned hermitian
generalized eigenvalue problem, SIAM Journal on Matrix Analysis and Applications 32 (2)
(2011) 642-663.
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Example I: Tracking all eigenvalues

We consider oscillator ladder with two dampers, with configuration

1200 — 2z, +=1,...,200,

=1000; k; =1, Vi; m; = 4i, i=201,...,n.

v

T
= © error
e - error baunJ
ki, el

. T T
D = Cy+ Ceyt, with, Cerp = vegooegog + —€900€900-

relative error
3,
T

107

) i i i i
200 400 600 800 1000 1200 1400 1600 1800
eigenvalue indices

Figure: Relative error for v = 10 with r = 416.
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Example II: Tracking selected eigenvalues

Consider 3d + 1-mass oscillator

NANNNNN

Figure: 3d + 1-mass oscillator with 3 dampers
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Example II: Tracking selected eigenvalues

Consider 3d + 1-mass oscillator

Figure: 3d + 1-mass oscillator with 3 dampers

d =400, n=3d+1=1201,
mp=k, k=1,...,n,
ki =1, ko =20, ks3=40, k4=>50.
D =Cy+Cep, with, Copy = 1163506%150 +U66006goo +U€10006{000.
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3d + 1-mass oscillator

0.1 T T T =
00b® ®
0.109— approximatiol
O exact
0.108— 1 ATy =
0.1071 0 o 0 4
° ®
[ @ 4
0.108f 3 ° o
cccee OOOO00GGC
[0 0000000000006 0606 06 ComEmmmmm i
0.105
SvecogoodocageoBooaprodoogooodhogeonas
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"
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Figure: Eigenvalue behaviour for 0.05 < v < 3,0.1 < Im(A(v)) < 0.11
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3d + 1-mass oscillator
Relative error for v = 2, r = 60.

Tracking all eigenvalues
Tracking selected eigenvalues
Numerical experiments
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Bounds on subspaces

Let z1, ...,y be n linearly independent right (left) eigenvectors,
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Bounds on subspaces

Let z1,..., 2y be n linearly independent right (left) eigenvectors, and let
A1, - .., Ap be corresponding eigenvalues.
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Bounds on subspaces
Let z1,..., 2y be n linearly independent right (left) eigenvectors, and let

A1, - .., Ap be corresponding eigenvalues.
Interested in behaviour of x1, . . ., £k, which belong to A1, ..., A,

Zoran Tomljanovi¢ Approximation bounds for parameter dependent quadratic eigenvalue problem 22/33



Tracking eigenvalues Simultaneously diagonalizable case

Problem formulation Bound for the norm difference
Bounds on subspaces Numerical experiments

Bounds on subspaces

Let z1,..., 2y be n linearly independent right (left) eigenvectors, and let
A1, ..., Ay be corresponding eigenvalues.
Interested in behaviour of x1, . . ., £k, which belong to A1, ..., A,

X = [Xl,Xg] 5 X1 = [:l?l,...,l‘k] ,X2 = [$k+1,...,$n] 5
A= diag(A17A2)7 Ay = diag()\la cee aAk)aAQ = diag(Ak-i—la .. a)"n)

corresponding perturbed quantities will be denoted by ~.
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Bounds on subspaces

Let z1,..., 2y be n linearly independent right (left) eigenvectors, and let
A1, ..., Ay be corresponding eigenvalues.
Interested in behaviour of x1, . . ., £k, which belong to A1, ..., A,

X = [Xl,Xg] 5 X1 = [:l?l,...,l‘k] ,X2 = [$k+1,...,$n] 5
A= diag(A17A2)7 Ay = diag()\la cee aAk)aAQ = diag(Ak-i—la .. aA'n)

corresponding perturbed quantities will be denoted by ~.
Plan: derive an upper bound for the norm difference:

I X5 M X1 |7 — || X5 MX1||7|.
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Bounds on subspaces

Let z1,..., 2y be n linearly independent right (left) eigenvectors, and let
A1, ..., Ay be corresponding eigenvalues.
Interested in behaviour of x1, . . ., £k, which belong to A1, ..., A,

X = [XlaXZ] ) X1 = [xla--ka] aX2 = [gjk-‘rla"'al‘n]v

A= diag(Ah A2)7 Ay = diag()\la cee a>‘k)a Ao = diag(Ak-i—la SRR A'n)

corresponding perturbed quantities will be denoted by ~.
Plan: derive an upper bound for the norm difference:

I X5 M X1 |7 — || X5 MX1||7|.

Measure for the difference in M -scalar product of two non M -orthogonal
bases.
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We consider QEP and corresponding perturbed QEP
(MM +AD+ K)xr =0
(R2(M +6M) + X(D + 6D) + (K +6K)) 7 =0
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We consider QEP and corresponding perturbed QEP
(MM +AD+ K)xr =0
(X?(M +6M) +A(D + 0D) + (K + 6K)) F=0

Now, the following equalities hold :

AX*M+AX*D+ X*K =0,
MXA? + DXA+ KX =0.
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We consider QEP and corresponding perturbed QEP
(MM +AD+ K)xr =0
(X?(M +6M) +A(D + 0D) + (K + 5K)) F=0

Now, the following equalities hold :
NX*M +AX*D + X*K =0,
MXA? + DXA+ KX =0.
By multiplying with X and X™* from (2, 1)-th blocks we obtain:
A X3MX) + Ao X3DX, + X3K X, =0,
X;MX A2+ X3DX 1A+ X3 KX, =0.
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We consider QEP and corresponding perturbed QEP
(MM +AD+ K)xr =0
(X?(M +6M) +A(D + 0D) + (K + 6K)) F=0

Now, the following equalities hold :
NX*M +AX*D + X*K =0,
MXA? + DXA+ KX =0.
By multiplying with X and X™* from (2, 1)-th blocks we obtain:
A X3MX) + Ao X3DX, + X3K X, =0,
X;MX A2+ X3DX 1A+ X3 KX, =0.
which implies
(X3DX1)ij

XiMX))ij = — 2225
(3 Vi (A2)ii + (A1)
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Similarly from perturbed equation we obtain

A X3MX) + Mo X3DX) + X3KX, =0,

X;“M)?JX% + X;E)?lxl + X;I?Xl =0.
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Similarly from perturbed equation we obtain

A X3MX| + Mo X3DX, + X3KX, =0, 3)

XiMX A2+ X3DX Ay + X3 KX, = 0.
From the above equalities, there follows:

B (x30X1)  (x30MXAT)
(X3MX));j = — — S <4
Ro)i+ (M) (Ao)Z + (M)

(X25DX1A1)_ ( 5KX1)
(A2)2 — (A1) (K) — (A1)

+

Zoran Tomljanovi¢ Approximation bounds for parameter dependent quadratic eigenvalue problem

24/33



Problem formulation Bound for the norm difference
Tracking eigenvalues Simultaneously diagonalizable case
Bounds on subspaces Numerical experiments

AT . X3 DX1I| ||XzDX1|| n
115 M X [~ [1X5 M X 5] < | =2 £ =

7‘90
(X;lj)?l)ij <(X§‘5M)~(1>ij . (X;(sD)N(l)ij . (X§‘5K551)ij>‘
90 g1 rg2 "93
+‘<(X§‘5M)~(1>ij+<X§6DX’1)U X (X;(sKX’l)ijy |
rg1 92 "3

Where gaps are given by
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AT . X3 DX1|| ||X2DX1|| n
115 M X [~ [1X5 M X 5] < | =2 £ =

7‘90
(x50%1)  (x30M%y) (X2 5D)~(1>__ (X30K%:)
_ ) ( ] + ] + ] ) ‘
Tdo rg1 rg2 rgs
(xs0M%y)  (X30D%1)  (X30KKn) |2
+‘< Lt <+ ”) :
rg1 rg2 rgs
Where gaps are given by 7g, = __lmin . |(A2)i; + (Kl)jj\,
2T
. o |(A)f — (A)3
rgo=_min_ [(Ao)ii+ (Al rgr= min  ——res =,
=1,k =1,k |(A1)jj
() - ()2 . —~
rgz=_min_ P g = min [(A2) - (A
L (A1) SL
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Let M, D, K be simultaneously diagonalizable, this means that there
exists a non singular matrix X such that

X*MX =V = diag(Yr,1)s Y(2)s - - Y () 5
X*DX = Wp =diag(Y(p,1): V(D,2)> - - - » V(D)) »
X*KX =V = diag(Yx,1), Y(k,2)s - - V(kn)) -

Let denote Y* = X ~! and decompose

X = [Xl,XQ] s Xl = [:Bl,...,ﬂjk] ,X2 = [$k+1,...,$n],
Y = [Yia}/é] , Y1 = [y17"'ayk] Yo = [yk-‘rla"'vyn]?

A= diag(Ah A2)7 Ay = diag()\la s a>‘k)a Ao = diag(Ak-i—la ) A'n)

We consider X; = span(MY/2X 1) and X} = span(M/2X,).
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The columns of X and Y span the same subspaces, thus if we denote

(X1, Xo] = [Q1, Q2] [ROH gz] :

Since, Y5 X1 = 0, using
Yo = QaRe, Q5Q1 =0,
it can be shown that [Stewart, Sun, Matrix Perturbation Theory, 90]

Tmin (R2)omin(R11) | Q3Q1 | r < V5" X1 |-
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The columns of X and Y span the same subspaces, thus if we denote

(X1, Xo] = [Q1, Q2] [ROH zg] :

Since, Y5 X1 = 0, using
Yo = QaRa, Q3Q1 =0,
it can be shown that [Stewart, Sun, Matrix Perturbation Theory, 90]
Tmin(R2)omin (R11)|Q3Q1 | < [|Y5 X1 £

Using that sin ©(X;, X;) = ||Q§@1||F we have

_ 1 _
Sin@(Xl,Xl) S = ||)/2*X1||F
Gmin(R2)0min(R11)
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The columns x, k = 1, ..., n are eigenvectors of QEP one can write
MXA>+DXA+KX =0
MXA?+DXA+ KX =0,

for some X and corresponding perturbed eigenvalues A.
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The columns x, k = 1, ..., n are eigenvectors of QEP one can write
MXA?+DXA+KX =0
MXA%+ DXA+ KX =0,
for some X and corresponding perturbed eigenvalues A.
Multiplying the perturbed equation with X * from left one gets:

X*M XA2+ X*D XA+ X*K X =
—— —— ——
‘111\/[)(_1 \I/DX_l \I/KX_l

—(X*SMXA% + X*SDXA + X*0KX) .
( )

Zoran Tomljanovié Approximation bounds for parameter dependent quadratic eigenvalue problem 28/33



Problem formulation Bound for the norm difference
Tracking eigenvalues Simultaneously diagonalizable case
Bounds on subspaces Numerical experiments

The columns x, k = 1, ..., n are eigenvectors of QEP one can write
MXA?+DXA+KX =0
MXA%+ DXA+ KX =0,
for some X and corresponding perturbed eigenvalues A.
Multiplying the perturbed equation with X * from left one gets:

X*M XA*+ X*D XA+ X*K X =
— S~ —
‘111\/[)(_1 \I/DX_l \I/KX_I
- (X*(sM)?K? + X*6DXA + X*aK)Z) .
Now, from the above equality for the (7, j) component holds:
(Y*X) i (Y(ar) X2 + VoA + Y(iciy)
= — (X{00MX ()2 + X[ DX ()% + X[ 0K X))
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Putting this altogether we can obtain upper bound for sin ©

I?Tr(jzl’)(l)
SinO(Xy, &) < o elomn (- :
min | A; +PmiAi + Y]
k+1<i<n

where Err()?l, X1) =

n k
~ ~ ~ ~ ~ 2
* 2 * *
>0 30 XM E X+ X dDR ()X, + XK K )|
i=k+1 j=1
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Putting this altogether we can obtain upper bound for sin ©

Ezﬂr(ffl,Xl)
sin © (X7, ??1)2 < X Umin(f;)%min(Rnf 2
min |1/J(M,i)>\j + YA+ ¢(K,i)|
kH1<i<n
where Err()?l, X1) =
k

n
~ o~ - o~ - 2
* 2 * *
Z Z ‘X(:7i)5MX(3aj)/\j +X(:7i)5DX(1J))‘j + X(:,i)(sKX(:,J‘)‘
i=k+1j=1

Inacase of 6M = § K = 0, implies

| X56D X1 |7

sin @(Xl, ;;C'vl)z S

5 ) (A0 (X1
Umin(R2)20min(R11)2 1%1?k (M) J‘X _|12 j N
k+1<i<n J
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We consider example with configuration

M = diag(ml,mg, . ,mn), m; = 21

4k -k -k
—k 4k -k -k
K = + Ko, with k£ =0.1
-k -k 4k —k
-k —k 4k

Ky determines the above perturbation term in the matrix K, where
ko=5-10"8
2k 0 —ko

0 2k 0 —lk
—1ky 0 2k 0 —lk
Ko(45 : 55,45 : 55) =
—1ky 0 2k O
—1ky 0 2k
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For Ao we have taken 20 eigenvalues with the largest imaginary part,
while for A1 we have chosen 80 eigenvalues that come from 160
eigenvalues with the smallest, but positive imaginary part .

case |
Perturbation in the damping matrix is given by

6D = dvegoedy + dv eqpel, with dv=15-1075.

10° T T T T T T
i x
X x X x X X X X x x
07 * XXX X ey ]
10%F E
10°F E
20 o o ]
10790k = o o 5 s o
E o
r (e}
101k — o fo) ) o] o o o o
El O lIX3MXu|f7 = | X3MXalr o
[| x given upper bound |[[X;MX, |3 — [ X5 MX, |3
10712 1 1 1 1 1 1 1
2 4 6 8 12 14 16 18 20

10
viscosity v
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case ll

0D = dv ejeJT with dv=5-10"%
for positions 5 = 51,52,...,70.

10° T T T
o .8
+  upper bound for sin ©(A;,
2 + + -
10?2
L
+ o+
+
0% T + + T
+
o o o+
108~ ° o + + -
o © + 4
o o +
o +
10° - ° o B
o o
o
o
o
1070~ o |
o
e}
1012 I 1 1 1 1 1 1 I I I
50 52 54 56 58 60 62 64 66 68 70

damping position

Figure: Numerical results for upper and lower bounds for sin © (X, /'?1)

32/33

Zoran Tomljanovi¢ Approximation bounds for parameter dependent quadratic eig




Problem formulation Bound for the norm difference
Tracking eigenvalues Simultaneously diagonalizable case
Bounds on subspaces Numerical experiments

Summary and outlook

1. within parameter dependent QEP:

2. within perturbation theory:
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Summary and outlook

1. within parameter dependent QEP:

The extension and application of modal approximation on
efficient approximation of eigenvalues \;(v) for QEP

(12M + pC(v) + K)x(v) = 0.

2. within perturbation theory:
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Summary and outlook

1. within parameter dependent QEP:

The extension and application of modal approximation on
efficient approximation of eigenvalues \;(v) for QEP

(12M + pC(v) + K)x(v) = 0.

& foralli=1,...,mand modest 0 < v < V).

2. within perturbation theory:
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Summary and outlook

1. within parameter dependent QEP:

The extension and application of modal approximation on
efficient approximation of eigenvalues \;(v) for QEP

(12M + pC(v) + K)x(v) = 0.

& foralli=1,...,mand modest 0 < v < V).
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& for the part of spectrum, i.e. 79 < ¢ < rg + k and modest
0<ov< V.

2. within perturbation theory:
<> bound for the norm difference ||| X35 M X1||% — || X3 M X1 ||%

& sin ©(Xy, Xy) bound, Xy = span(MY/2X,), Xy = span(M'/2X)).
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Thank you for your attention! J
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